We report the formation of a binary crystal of hard polyhedra due solely to entropic forces. Although the alternating arrangement of octahedra and tetrahedra is a known space-tessellation, it had not previously been observed in self-assembly simulations. Both known one-component phases -the dodecagonal quasicrystal of tetrahedra and the densest-packing of octahedra in the Minkowski lattice -are found to coexist with the binary phase. No additional crystalline phases were observed.
Introduction
The rich self-assembly behavior of hard polyhedra has been studied in increasing detail in recent years [1] [2] [3] [4] [5] [6] . Hard polyhedra crystallize through entropic interactions [7] [8] [9] . Of the many studies, most have been performed of onecomponent systems. Studying the self-assembly of mixtures of polyhedra represents a natural extension to the work done on single-component systems. Binary mixtures have many applications, e.g., the suitability of binary colloidal crystals for photonic applications 10, 11 .
Regular octahedra and tetrahedra with identical edge lengths tile space at a composition of 1:2, respectively. Because both shapes have very few facets, they represent one of the simplest space-tessellating binary mixtures. Previous studies of this system did not observe the self-assembly of the space-filling structure unless attractive interactions were added 12 . Other studies on binary mixtures of different shapes produced disordered mixed lattices, but not the formation of ordered structures 13, 14 .
Experimentally, both shapes have been studied in recent years. Octahedra were found to form a variety of structures, among them a low-density body-centered cubic (bcc) structure with vertex-sharing octahedra 15 , vertexand edge-sharing packings derived from the binary structure 16 , a high-pressure lithium phase (cI16-Li 17 ), induced by a depletion effect 5 , lower-symmetry structures with stacking variants [18] [19] [20] , and distorted bcc arrangements that likely correspond to the densest-packing structure 5, 21, 22 . Most recently, a new monoclinic assembly of octahedra was observed 23 . Tetrahedral nanoparticles have been more difficult to synthesize and experiments have not yet reproduced the predicted quasicrystal, but rather a superlattice structure 24 . Millimeter-sized frictional tetrahedra and macroscopic tetrahedral dice were found to produce only jammed 25 and random packings 26 .
To our knowledge, mixtures of octahedra and tetrahedra have not been investigated experimentally. Superlattices of other combinations of two shapes have been studied recently, e.g., spheres and octahedra, as well as spheres and cubes 27 . The coexistence of multiple solid phases, on the other hand, had previously been discovered in systems of spheres with two different radii 28 , but has not directly been observed in a number of studies on binary systems with polyhedra [12] [13] [14] .
Here we use Monte Carlo simulations to investigate the self-assembly of mixed octahedra and tetrahedra. Other phases known to self-assemble in the one-component systems are a dodecagonal quasicrystal formed by tetrahedra 1 , as well as a distorted bcc structure of octahedra 4 , both of which may compete with a co-assembled binary phase. We investigate the phase behavior of different sto-ichiometries of hard tetrahedra and hard octahedra. We find both pure phases that have been reported in onecomponent systems coexisting with the binary crystal that is reported in self-assembly simulations here for the first time.
Methods
We performed hard-particle Monte Carlo (MC) simulations with HPMC 29, 30 , a plugin to the HOOMD-blue software 31, 32 , in the NVT thermodynamic ensemble to study the behavior of mixtures of hard tetrahedra and octahedra. The polyhedra are modeled as perfectly faceted shapes of unit length, with sharp vertices and edges. Simulations were carried out in cubic boxes with periodic boundary conditions, containing 10, 648 particles for each state point comprising the phase diagram.
The phase diagram was sampled at packing fractions 
Results and discussion

Phase diagram
Three crystal structures were observed for the stoichiometries and packing fractions studied, with two solid-solid coexistence regions between them. A schematic phase diagram is given in Fig. 1 . The quasicrystal 12-QC is shown in red, the pure binary crystal phase OT 2 is shown in green, the pure crystals of octahedra are shown in blue, and the coexistence of binary and pure octahedral crystals is shown in brown. Snapshots of all crystal structures are depicted as well. At low numbers of octahedra and around 50% packing fraction (φ = 0.50), the tetrahedra self-assemble into the dodecagonal quasicrystal (12-QC) that had been reported for systems composed solely of tetrahedra 1 . As the octahedra content increases, the quasicrystal phase quickly disappears: it is observed up to stoichiometries O:T = 0.01:0.99, but not in simulations with O:T = 0.1:0.9. The packing fractions at which the dodecagonal quasicrystal forms are at the low end of the investigated phase diagram, at packing fractions of 50-53%.
In the low O:T regions of the phase diagram, the tetrahedra begin forming the 12-QC within about 8 million MC sweeps. Together with the octahedra, they are expected to form a more stable phase, the space-filling OT 2 structures, but the octahedra diffuse relatively slowly through the dense quasicrystal. For O:T = 0.02:0.98 at φ = 52%, for example, there are no hints of order in the arrangement of octahedra until after nearly 160 million MC sweeps. Thus, a rough sweep of the phase diagram does not detect a coexistence region between the 12-QC and OT 2 phases, however, extensive runs in the intermediate compositional region suggest that the binary crystal will form whenever octahedra are introduced to the quasicrystal. Additional simulations at φ = 52% revealed local motifs of the binary structure at O:T = 0.02:0.98 and 0.03:0.97 after 140 million MC sweeps, whereas the addition of octahedra to a system consisting mostly of tetrahedra further suppresses the growth of the 12-QC at O:T = 0.04:0.96 and no 12-QC phase was observed at 140 million MC sweeps.
When octahedra are present next to the quasicrystal, they begin to aggregate in binary face-to-face alignments with tetrahedra after approximately 40 million MC sweeps. As the mixture begins to form the binary crystal, octahedra take the place of a dimer of two tetrahedra along one of the columns of the quasicrystal. Correspondingly, the angle at which the binary crystal forms is offset from the main axis of the quasicrystal, as shown in Fig. 2 . Any octahedra introduced into the quasicrystal eventually form the c-OT 2 structure with the corresponding amount of tetrahedra.
At intermediate compositions of octahedra and tetrahedra, the binary OT 2 structure forms, with a small amount of stacking faults. The binary crystal forms with ease at packing fractions 54-61% and O:T = 3:7-6:4 around the stoichiometry of the ideal structure, O:T = 1:2. The high flexibility of the packing with respect to the amount of tetrahedra that are available in the polyhedral mixture likely stems from the ability of the structure to accommodate a number of tetrahedral voids.
At high O:T ratios, the system forms pure packings of octahedra. They can mostly be observed for O:T = 7:3-9:1 and at packing fractions of 56-60%. A large coexistence region is located between the stability regions of the binary crystal and the crystal of octahedra, where both ordered phases were detected.
Structures and motifs
The most important motifs that occur in the crystal structures found in this system are depicted in Figs. 1 and 3 .
Tetrahedra alone form the same arrangements that were previously observed in the dodecagonal quasicrystal 1 (12-QC): columns of pentagonal bipyramids alternating with rings of six dimers that are arranged in a dodecagonal square-triangle tiling. This local arrangement of 22 tetrahedra has also been found to occur in spherical confine- ment 35 .
In the binary mixture, octahedra and tetrahedra are arranged alternatingly and face-to-face in a dense layer. Within the layer, each triangular face is shared between an octahedron and a tetrahedron. These binary octahedratetrahedra (O:T = 1:2) layers can be stacked in two different ways, while having polyhedra between layers align face-to-face: alternatingly -with only O-T contacts between layers -or vice versa, with only O-O and T-T contacts. Employing only one kind of stacking results in two regular honeycombs, i.e., space-filling tessellations: the alternated cubic honeycomb and the gyrated honeycomb, respectively. Both structures have the same composition as each individual layer (O:T = 1:2; OT 2 ) and can be combined in infinitely many different stacking variants. We label the basic cubic and hexagonal structures by their symmetries: c-OT 2 and h-OT 2 . The arrangements of octahedra and tetrahedra correspond to the layout of octahedral and tetraheral interstices in the cubic and hexagonal closepacked structures, ccp and hcp.
Octahedra alone have been found to pack in two different phases, a monoclinic 23 and a trigonal one, m-O and t-O, the latter being the conjectured densest packing also known as the Minkowski phase 36, 37 , which has previously been confirmed by packing simulations 38 . There are no shear planes in the t-O phase, which entropically favors the m-O structure, except at the highest packing fractions. In most mixed systems of octahedra and tetrahedra, both phases occur; an increased content of tetrahedra seems to facilitate the formation of the m-O structure, while the pure system of octahedra exhibits mainly t-O. The fact that octahedra self assemble at larger packing fractions than tetrahedra is probably due to the circumstance that neither of the two octahedra packings has well-aligned face-to-face contacts. Instead, two neighboring polyhedra are always shifted with respect to one another, while a large portion of tetrahedra within the 12-QC structure exhibit face-to-face contacts that are much better aligned.
Summary & Conclusions
We have shown for the first time that binary crystal structures self-assemble from mixtures of hard, non-interacting polyhedra. We observed that this binary phase coexists with both neighboring phases in self-assembly simulations: one comprised of only tetrahedra and the other of only octahedra.
In the binary phase diagram of mixtures of tetrahedra and octahedra, we reported crystal structures selfassembling in three regions: the known dodecagonal quasicrystal formed by tetrahedra, assemblies of octahedra only, and the binary OT 2 phase.
The phase diagram contains only a very narrow coexistence region between the 12-QC and c-OT 2 phases. Generally, the quasicrystal forms at much lower packing fractions than the binary crystal. However, even at low packing fractions, this small number of octahedra rearrange in OT 2 -like building units and incorporate the respective amount of tetrahedra to form the binary crystal.
There is a distinct range of stoichiometries that allows for coexistence of the OT 2 structure and a pure octahedral crystal. Both occur at similar packing fractions for stoichiometries around O:T = 6:4-7:3. Thus in the respective simulation runs, both crystalline phases were detected.
All in all, the phase diagram of mixtures of octahedra and tetrahedra exhibits typical features, such as pure and mixed phases, coexistence regions, etc. The phase behavior of this entropically stabilized system thus does not fundamentally differ from that observed in systems with enthalpic interactions.
